It is shown that Hermite-Gaussian beams, Laguerre-Gaussian beams, and certain linear combinations thereof are the only finite-energy coherent beams that propagate, on free propagation, in a shape-invariant manner. All shape-invariant beams have Gouy phase of the universal c arctan(z/z R ) form, with quantized values for the prefactor c. It is also shown that, as limiting cases, even two-and three-dimensional nondiffracting beams belong to this class when the Rayleigh distance goes to infinity. The results are deduced from the transport-of-intensity equations, by elementary means as well as by use of the Iwasawa decomposition. A pivotal role in the analysis is the finding that the only possible change in the phase front of a shape-invariant beam from one transverse plane to another is quadratic.
INTRODUCTION
An optical beam is said to be shape invariant if the transverse irradiance or intensity distribution retains shape on propagation, i.e., if the only change in this distribution as one goes from one transverse plane to another is a scaling of the transverse coordinates. The best known examples of shape-invariant beams in free space, under the paraxial approximation, are provided by HermiteGaussian (HG) and Laguerre-Gaussian (LG) beams, which further constitute the modes of stable optical resonators bounded by spherical mirrors. 1 Other important examples are the Bessel beams 2 (the scaling factor in this case remains unity for all propagation distances), which constitute nondiffracting solutions to the scalar Helmholtz equation. Bessel beams carry infinite energy, as opposed to LG and HG beams, which are of finite energy.
While shape invariance with respect to these classes of beams is well enough known to be considered folklore, one is tempted to ask the following question: Are there coherent beams, other than the three classes of beams mentioned above, that remain shape invariant under free propagation? It appears that this question has not received the kind of conclusive treatment it deserves. It may be noted in this regard that an earlier treatment of shape invariance that used the Iwasawa decomposition theorem 3 did not aim at such a conclusive answer. An issue that appears to be related to that above Gouy phase shift. The Gouy effect 4 refers to the (nearly) abrupt phase change of m/2 suffered by a well-focused beam when it crosses the focus (here m ϭ 1 and m ϭ 2 for cylindrical and spherical beams, respectively). The effect continues to attract the interest of opticists. While the work of Boyd 5 gave an intuitive explanation of this phenomenon, Simon and Mukunda 6 showed that, as far as HG beams are concerned, their Gouy phase can be viewed as the geometric phase associated with the underlying hyperbolic geometry; they pointed out that it is probably the oldest known instance of geometric phase. There have also been more recent claims that the Gouy phase can be interpreted as area on the unit sphere, 7 and that its ''physical origin'' can be traced to the z integral of the transverse spread of the beam in the wave vector space. 8 In the case of the known families of shape-invariant beams, the Gouy phase shift, which is gradual rather than abrupt, has a universal functional form, c arctan(z/z R ), where c is a real parameter and z R is the Rayleigh range of the beam. (It is true that for the nondiffracting beams the Gouy phase is linear in the propagation distance z, but these beams have infinite Rayleigh range, and therefore this behavior will not be inconsistent with the above universal form if c is proportional to z R in this case.) This raises a second question: Is this universal form for Gouy phase a direct consequence of shape invariance?
The aim of the present paper is to answer these two questions. We show that the HG beams, the LG beams, and certain linear combinations thereof, along with the nondiffracting beams, exhaust the family of all shapeinvariant beams. We show further that the universal functional form for the Gouy phase is a direct consequence of shape invariance. Finally, our analysis traces a thread of unity linking Gaussian beams and the nondiffracting beams.
For clarity of presentation, we treat first the case of one transverse dimension (Section 2), then generalize the results to the full three-dimensional (3D) case of two transverse dimensions (Section 3).
TWO-DIMENSIONAL SHAPE-INVARIANT BEAMS
A. Phase Fronts of Coherent Shape-Invariant Beams Coherent beams with one transverse dimension are governed by the two-dimensional (2D) paraxial wave equation 9 :
Here
denotes the slowly varying part of the complex optical amplitude, A and being the real amplitude and phase, respectively. In particular, A(x; z) takes into account the sign of the field, so that (x; z) does not contain the discontinuities, if any, due to amplitude sign variation. On substituting from Eq. (2) into Eq. (1) we obtain the following two equations:
Here I(x; z) ϵ A 2 (x; z) is the optical intensity, and the operator D(•) is defined through
Equations (3) and (4) are called transport-of-intensity equations (TIEs).
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They are formally similar to the Madelung hydrodynamics form of the Schrödinger equation, 11 and in particular Eq. (4) represents a continuity equation.
TIEs will now be used to find the consequences of shape invariance. As mentioned earlier, shape invariance means that the intensity distribution I(x; z) should respect the condition
where I 0 (x) denotes the intensity profile across the plane z ϭ 0, and ␣ ϭ ␣(z) is a z-dependent scaling parameter. The factor ␣ that multiplies I 0 (␣x) on the right-hand side ensures confirmity with the energy-conserving, unitary nature of paraxial propagation.
Without loss of generality, we assume that the plane z ϭ 0 coincides with the waist plane of the beam and that the position x ϭ 0 coincides with the ''center of mass'' of the intensity profile at the waist plane, i.e.,
On inserting Eq. (6) into Eq. (4), after simple algebra we obtain
where the function g(x; z) is defined through
Equation (8) implies that
with f(z) being a function of z.
As we shall see in a moment, the function f(z) has to be set to zero, so that the function g(x; z) must vanish. This means that Eq. (9) can be solved, yielding
where 0 (z) is an arbitrary function of the propagation distance z. Equation (11) thus proves that the wave front of a shape-invariant, coherent, 2D optical field, propagating in free space, has to be cylindrical. It shows further that the radius of curvature of the phase front, as shown by the prefactor of x 2 in Eq. (11), cannot have arbitrary z dependence but must conform to the functional form on the scale parameter ␣(z). It should be stressed that it had been known for some time that quadratic phase leads to shape invariance of the beam.
12 Equation (11), instead, has been obtained as a consequence of the shapeinvariance property, i.e., it represents the inverse statement.
Before concluding the present subsection, we want to prove that the function f(z) in Eq. (10) must be zero. First, we note that condition (7), together with Eq. (6), implies that
for any z. Equation (12) states that the mean propagation direction of the shape-invariant beam coincides with the z axis. Written in terms of intensity and phase distributions, such condition reads
Now we write the function (x; z) in the form
where (x; z) is an unknown function. On substituting from Eq. (14) into Eq. (13) and taking condition (6) into account, we have
On the other hand, on substituting from Eq. (14) into Eq. (10), we obtain
which, together with Eq. (15), implies f(z) ϭ 0.
Accordingly, ‫ץ‬ x (x; z) ϭ 0, so that (x; z) does not depend explicitly on x and therefore can be included in the function 0 (z). Since the contribution from the quadratic term to the phase at points along the axis x ϭ 0 vanishes, the term 0 (z) may be called the on-axis phase.
B. Universal Form of ␣(z)
It is instructive to determine the functional form of the scaling parameter ␣(z) directly from TIEs.
So far we have used only the second TIE, Eq. (4). From the first TIE, Eq. (3), on taking into account the restriction on the phase front as given in Eq. (11), we have
where
On substituting from Eqs. (17) into Eq. (3) we obtain, after some algebra,
Since the right-hand side of Eq. (18) depends on (␣, x) only through the combination ␣x, its left-hand side too must necessarily be a function of only the variable ␣x. This leads to the two equations
where z R and are two real parameters.
Since the plane z ϭ 0 coincides with the waist plane of the beam, the scaling factor ␣(z) assumes there its maximum (and unitary) value, so that ␣(0) ϭ 1 and ␣Ј(0) ϭ 0. It is easily verified by direct substitution that the function ␣͑z͒ ϭ 1
is the solution of Eq. (19) with the given initial conditions. The fact that ␣(0) has to be maximum necessarily implies that the minus sign in Eqs. (19) and (21) has to be discarded, and we have
This functional form for the scaling factor ␣(z) was to be anticipated, and follows from the universal expansion law for the beam width, which is valid in the paraxial region and applies to every beam. Our aim here was to show that it can be derived as a consequence of the TIEs.
It becomes clear from this beam expansion law that the free parameter z R that arose in Eq. (19) is indeed the Rayleigh range of the beam under consideration (it was in anticipation of this that this free parameter was denoted by this reserved symbol). With the functional form of Eq. (22) for ␣(z), the function (x; z) in Eq. (11) takes the form
This behavior of (z) is reminiscent of the behavior with respect to Gaussian beams.
C. Amplitude and On-Axis Phase of Shape-Invariant Beams
Now it will be shown that the on-axis phase function, too, is forced to assume for a shape-invariant beam a universal form, with a (multiplicative) free parameter that takes only discrete (or quantized) values. On substituting from Eq. (22) into Eq. (20), and on imposing, without loss of generality, the initial condition 0 (0) ϭ 0, we obtain for 0 (z) the expression
Furthermore, from Eqs. (23), (24), and (25), the total phase (x; z) assumes the form
Let us now focus our attention on the function A 0 (t). On using Eqs. (18), (19), and (20), it is easy to see that A 0 (t) satisfies the differential equation
which becomes, on letting t ϭ (z R /2) 1/2 and F 0 ()
Equation (28) admits of even and odd solutions whose expressions are given by
and
where M(•,•,•) denotes the confluent hypergeometric function. 13 However, it should be noted that the behavior as a function of of the hypergeometric functions in Eqs. (29) and (30) is divergent in general; the only exception is when the following relationship is fulfilled:
This quantization condition for the free parameter results in corresponding quantization of the on-axis phase of a shape-invariant, 2D, coherent beam.
Equation (31) is reminiscent of the energy quantization for a quantum harmonic oscillator. Such a correspondence is due to the fact that the paraxial wave equation for free propagation is formally identical to the Schrö-dinger equation for a free particle, and that wave functions representing states of a particle in a harmonic potential can be converted into states of a free particle. 14 In particular, stationary states (HG functions) are converted into nonstationary states of the free particle with the same functional form, which is retained during their temporal evolution.
Substituting from Eq. (31) Thus, the pertinent expression of the function A 0 (x) is 
Equations (32) and (33) define the whole class of 2D (finite-energy), shape-invariant solutions of the paraxial Eq. (1), which indeed coincide with the well-known HG beams. An interesting limiting case of the above analysis concerns the case z R → ϱ, for which Eq. (25) becomes
i.e., the on-axis phase is linear in z. Further, on letting ϭ Ϫk t 2 , Eq. (27) turns out to be
whose even and odd solutions are A 0 (t) ϭ cos k t t and A 0 (t) ϭ sin k t t, respectively. They represent 2D, shapeinvariant beams of infinite energy, and the scaling factor ␣ becomes unitary for any z, so that such fields are nondiffracting solutions of the paraxial wave equation, i.e., they are the 2D counterpart of the Bessel beams. 
THREE-DIMENSIONAL SHAPE-INVARIANT BEAMS
A. Transport-of-Intensity Equations and Shape Invariance We will now extend to the 3D case the results obtained for 2D beams in Section 2. While we have seen in the 2D case that no nontrivial phase function (other than the discontinuous one arising from sign amplitude variation) is permitted across the waist-plane field amplitude of a shape-invariant beam, we know from our experience with
LG beams that such a no-go theorem does not apply to the 3D case. One is naturally interested in determining or tracing the origin of this change of scenario. Let r ϭ (x, y) denote the position vector in the transverse plane so that u, I, and are functions of r and z. On denoting by ٌ and ٌ • the gradient and the divergence operators, respectively, acting on the transverse variable r, Eqs. (1), (3), (4), and (6) assume the respective forms
where now D(I) ϭ I Ϫ1/2 ٌ 2 (I 1/2 ). Since ␣ assumes its maximum value at the waist plane, shape-invariance implies that ‫ץ‬ z I ϭ 0 at the waist plane, implying in turn through Eq. (38) that Iٌ is divergence-free at z ϭ 0. This means in turn that Iٌ equals the curl of a waistplane vector field:
where the vector field Q provides room for a nontrivial phase function at the waist plane and, indeed, acts as the source for this phase. We shall denote this waist-plane phase by (r; 0). Let us tentatively write the phase (r; z) as the phase function obtained by the ''shape-invariant propagation'' of (r; 0); that is,
It is easily verified from Eq. (40) that
As we will see, this shape-invariant phase will be in addition to a phase curvature term that is absent in the waist plane, but gets picked up in the course of propagation as in the 2D case. It is easy to see that the 3D version of the differential Eq. (8) is the relation
where g͑r; z ͒ ϭ ␣Јr ϩ ␣ٌ͑r; z ͒.
Let us express the total phase function (r; z) in an arbitrary transverse plane as the sum (r; z) ϵ (␣r; 0) ϩ 1 (r; z) and rewrite Eq. (43) as
Thus, (r; z) will satisfy Eq. (43) if the following pair of equations are satisfied by and 1 :
While (r; z) satisfies the first equation by virtue of Eq. (42), the second equation is similar in structure to the corresponding one in the 2D case and therefore is satisfied by
where r 2 ϭ x 2 ϩ y 2 . Even in the 3D case the prefactor of r 2 in Eq. (47) has to conform to the functional form on the scale parameter ␣(z).
The phase function (r; z) written as the sum of the phases given by Eqs. (41) and (47) 
where now A 0 (t) ϭ ϮI 0 1/2 (t) and A(r; z) ϭ ␣A 0 (␣r), so that Eq. (37) turns out to be
where the primed nabla denotes derivation with respect to the (vectorial) argument. Since the right-hand side of Eq. (49) depends on (r, z) only through the combination ␣r, its left-hand side, too, must necessarily be a function of only the variable ␣r. This is fulfilled if the functional behaviors for ␣(z) and 0 (z) are given by Eqs. (22) and (25), respectively. Note that 1 (r; z) vanishes over the waist plane. Since the TIEs are a system of first order equations in z, it follows, from the uniqueness of solutions to such systems of equations, that (r; z) is the solution satisfying the given waist-plane (initial) condition. Thus, in the 3D case, too, the requirement of shape invariance imposed on the intensity profile of the beam forces restrictions on the phase front of the beam. But these restrictions are considerably richer than those in the 2D case. The 3D case allows for a nontrivial waist-plane phase (r; 0) that, on the one hand, is determined by the waist-plane intensity distribution through the ٌ ϫ Q source term, and, on the other hand propagates in a shape-invariant form as in Eq. (41). This is over and above the phase curvature term 1 (r; z) which gets picked up purely through the process of propagation. Thus the phase (r; z) of a typical 3D, shape-invariant beam can be written in the form
with (z) again given by Eq. (24). Note that 0 (z) in Eqs. (23) and (50) need not be the same function of z.
Our
ϫ exp͓i (r; 0)͔:
This transfer relationship between the complex field amplitudes in the waist plane and in an arbitrary transverse plane will play an important role later. As far as the real amplitude A 0 (r) is concerned, it is determined by solving the following differential equation [corresponding to Eq. (27) of the 2D case]:
It is worth noting that, different from the 2D case, the amplitude A 0 (r) is strongly influenced by the phase distribution across the waist plane (r; 0).
Just to give an example with respect to our analysis for finite-energy, shape-invariant beams, let us go back to Eq. 
Furthermore, on assuming that A 0 (t) ϭ G(t), where t ϭ ͉t͉ denotes the radial variable, and on letting ϭ Ϫ2/z R (2l ϩ s ϩ 1), with l and s integers, Eq. (53) assumes the form
whose solutions are
where A is a constant amplitude and L l (s) ( • ) denotes the generalized Laguerre polynomial of indices l and s. Accordingly, Eq. (55) describes the real amplitude pertinent to a shape-invariant, LG beam of order l, carrying on a vortex charge of value s.
Similar to what was done in the 2D case, we now consider the limit z R → ϱ. In such limit Eq. (52) transforms into
whose solutions describe shape-invariant beams with infinite energy characterized by ␣ ϭ 1 for any z. For instance, on letting (r; 0) ϭ s, ϭ Ϫk t where J s ( • ) denotes the sth-order Bessel function of the first kind. 13 The beams corresponding to the real amplitude provided by Eq. (57) are nothing but the nondiffracting Bessel beams. 2 To obtain the whole class of 3D shape-invariant beams, a general and elegant approach based on group theory seems to be more appropriate. The aim of subsection 3.B is just to find the most general class of 3D, coherent, shape-invariant beams by using a fundamental result of group theory termed the Iwasawa decomposition theorem.
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B. Iwasawa Decomposition of the Free-Propagation Process
The Iwasawa decomposition theorem, 3 when applied to the free-space propagation of a coherent optical beam, simply asserts that the ray-transfer (i.e., the ABCD) matrix
corresponding to free propagation through distance z can be uniquely decomposed in the following manner:
The z-dependent parameters ␣(z), (z), and (z) are defined as
Now the key point is that the functional forms of the scaling factor ␣(z) and the phase curvature (z) Ϫ1 appearing in the Iwasawa decomposition, i.e., Eqs. (63) and (64), are exactly the same as those we deduced as consequences of shape invariance based on the analysis of TIEs, i.e., Eqs. (22) and (24), respectively. In particular, we showed in subsection 3.A that the field of a 3D, coherent, shapeinvariant beam u(r; z) at any transverse plane z ϭ constant is related to the waist-plane field u(r; 0) in the following universal manner [see Eq. (51)]:
That is,
This condition on the waist-plane field arising from shape invariance can be rewritten as
But according to the Iwasawa decomposition theorem in Eq. (67), this condition for shape invariance is equivalent to the requirement
This is our final result. It says that for any beam that propagates in a shape-invariant fashion in free space, the waist-plane field u(r; 0) should be an eigenfunction of the (z-dependent family of ) unitary operator(s) Û (z) z R , for some value of z R , and that the on-axis phase 0 (z) of the shape-invariant beam is the eigenvalue (as a function of z) of this (family of ) operator(s). Thus, Eq. (72) guarantees that the waist-plane field u(r; 0) is one of the HG beams ⌿ m,n (r), and that the eigenvalue exp͓i 0 (z)͔ equals exp͓Ϫi(m ϩ n ϩ 1)(z)͔. Recalling that (z) ϭ arctan(z/z R ), we may summarize our final solution to the shape-invariance problem as follows:
Are these the only finite-energy, shape-invariant beams? The eigenvalue Eq. (71) is an exact rendering of shape invariance, but the HG beams are not the only solutions to this eigenvalue problem. This situation is due to degeneracy: The eigenvalues depend on the mode indices m, n only through the combination m ϩ n. Therefore, any superposition or linear combination of HG modes of the type ⌿ m,NϪm (r), with m ϭ 0, 1,..., N is shape invariant as well [provided, of course, they all correspond to the same width parameter w 0 (or z R )]. As is well known, LG modes are linear combinations of this type, and the precise form of the linear relationship can be found, for instance, in Ref. 18 . We have shown that HG modes ⌿ m,n (r) and linear combinations of HG modes with the same value (m ϩ n) for the sum of the mode indices constitute the only finite-energy beams that propagate in free space in a shape-invariant manner.
CONCLUSIONS
We have provided in this paper a complete solution to the two questions we set out to answer: We have shown that the HG modes ⌿ m,n (r) and linear combinations of these modes with a fixed value for the sum of the mode indices m, n (and, of course, a fixed value for the width parameter w 0 or z R ), are the only finite-energy beams that propagate in free space in a shape-invariant manner; and we have deduced the universal c arctan(z/z R ) form for the onaxis or Gouy phase of these beams from the TIEs as a direct consequence of shape invariance.
Though shape invariance is at first sight a restriction imposed only on the intensity profile and not on the phase front, this requirement led, through the delicate manner in which the TIEs couple the intensity and phase profiles, to the important conclusion that the change in phase front of a shape-invariant beam has to be quadratic in every transverse plane. Given this finding, the Iwasawa decomposition theorem helped to establish that the problem of shape invariance is equivalent to the eigenvalue problem of Eq. (76). It should be stressed, however, that it is the connection between shape invariance and quadratic phase front as expressed in Eq. (50) that proved really pivotal to our analysis, for this input was indispensable for the Iwasawa machinery to realize its own full potential and power.
After the pivotal result of Eq. (50) we could have moved directly to the Iwasawa machinery. However, we saw value in demonstrating in the case of one transverse dimension that the entire body of results could be deduced directly from the TIEs within the framework of elementary means without having to resort to the Iwasawa method. Thus, our examination of shape invariance through the TIEs gave room in Eqs. (23) and (24) for just two free parameters z R and . It showed that the functional forms for the expansion parameter ␣(z), for the radius of curvature of the phase front (z), and for the Gouy phase 0 (z) of a shape-invariant beam are fully determined, respectively, through Eqs. (22), (24), and (25), by the parameter z R except for a multiplicative prefactor in the expression for 0 (z). Further analysis quickly established that this free parameter is allowed to assume only discrete or quantized values.
We may summarize our findings as follows. In the case of one transverse dimension, the family of shapeinvariant, finite-energy beams is fully characterized by a continuous parameter z R Ͼ 0 and a discrete parameter n ϭ 0, 1, 2,... . In the case of two transverse dimensions, the freedom is to the extent of a z R Ͼ 0 and a discrete pair (m, n), m,n ϭ 0, 1, 2,... . As a result of degeneracy in the Gouy phase in this case, linear combinations of shape-invariant beams with a fixed value of z R and pairs (m, n) which conserve the sum m ϩ n are shape invariant as well. There are no other shape-invariant, finite energy, coherent beams, and thus all shape-invariant, finite-energy, coherent beams have a universal c arctan(z/z R ) Gouy phase structure, with quantized values for the prefactor c.
